This article provides a mathematical and empirical investigation of the reasons for the presence of skewness and kurtosis in financial data. The results indicate that this phenomenon is triggered by higher-order moment dependencies in the data, such as asymmetric and conditional volatility. Moreover, the article develops and tests successfully a skewed extension of the generalized error distribution (SGED), which is then used to model European call option prices. Under the standard assumptions of risk neutrality, normality of log-returns, and absence of arbitrage opportunities, the SGED model yields as special cases several well-known models for pricing options on stocks, stock indices, currencies, and currency futures. (JEL: C13, C22, G12, G13)
I. Introduction
Commonly used option pricing models, including that of Black-Scholes, are based on the assumption that prices of financial assets follow the geometric Brownian motion. A key assumption of the geometric Brownian motion is that the ratio of two consecutive prices does not depend on past prices. Furthermore, the natural logarithm of two consecutive prices, known as the log-return, is assumed to be normally distributed with the same annualized mean and variance over time. 1 The geometric Brownian motion's assumptions imply that log-returns are identically and independently distributed (i.i.d.) normal variables, thus they exhibit no moment dependencies, such as asymmetric and conditional volatility. The presence of conditional volatility in the log-return series of financial assets is well documented in the GARCH literature, e.g., Akgiray (1989) and Ballie and Bollerslev (1989) . The EGARCH literature further documents that volatility is larger during market downturns than market upturns (asymmetric volatility), e.g., Hsieh (1989) , Nelson (1991) , and Booth, Martikainen, and Tse (1997) . As shown in this article, these dependencies are likely to trigger skewness and kurtosis in of log-return distributions.
The nature of option pricing necessitates the use of probability distributions which provide a good fit to the empirical distribution of log-returns accommodating skewness and kurtosis. These distributions are required to have all their moments defined, i.e., have a moment generating function and include the normal distribution as a special case. The latter assumption is consistent with the assumption that price changes follow a geometric Brownian motion.
This article provides a mathematical and empirical investigation of the reasons for the presence of skewness and kurtosis in financial data. To accommodate these properties, the article formally develops a skewed extension of the generalized error distribution (SGED) and tests its ability to model the empirical distribution of log-returns of several popular financial series. The SGED is then used to derive a pricing model for European call options that accounts for skewness and kurtosis. As shown in the article, the SGED model nests several well-known call option pricing models for stocks, stock indices, currencies, and currency futures.
The article is organized as follows. The next section presents a preliminary statistical analysis of the data. Section ΙΙΙ investigates the reasons for the presence of skewness and kurtosis in the data. Section IV discusses the implications of skewness and kurtosis for the geometric 1. The log-return is y t = ln(P t /P t-1 ) = ln(1+r t ), where r t is the return for the period t-1 to t. The return r t could be expressed in terms of y t , as r t = exp(y t ) -1. Unlike returns, log-returns can be added across periods. For example, a monthly log-return is equal to the sum of daily log-returns during the month, i.e., Y n = Σ y t , where n is the number daily log-returns. The linear nature of log-returns simplifies considerably the computation of annualized means and variances of log-returns.
Brownian motion. Section V derives and applies the SGED to the data. Section VI presents the derivations for the SGED option pricing model. The last section offers the conclusions. Table 1 lists the financial series and periods covered by the data. The data include daily, weekly, monthly and quarterly log-returns for two widely-held stocks (Boeing and IBM), three stock indices (Dow Jones Industrial Average (DJIA), S&P100, and S&P500), and two U.S. dollar exchange rates (British pound and Japanese yen). All of these assets have actively traded options. For example, call options on Boeing and IBM stocks and on the DJIA, S&P100, and S&P500 stock indices are actively traded on the Chicago Board of Options Exchange (CBOE). The data spans the period January 2, 1975 to December 31, 2014 Log-returns at all frequencies are computed using the formula ,
II. Data and Preliminary Findings
  1 100 ln t t t y P P    where P t is the price at the end of period t. For example, using monthly data, P t-1 and P t and are the closing prices on the last trading day of two consecutive months t-1 and t. It can be readily shown that the additive property implies that a monthly (or quarterly) log-return is equal to the sum of all daily returns during the month (or quarter). As a consequence, statistics such as the mean and variance of lower frequency data can be derived from those of higher frequency data. Table 2 reports basic statistics of log-returns for all series examined, starting with the mean, the standard deviation, and the minimum and maximum values of log-returns in the first four rows. To allow comparison across the four data frequencies, the statistics are annualized using the formulas min/Δt, and max/Δt, where , , y t S t   Δt = 1/252, 1/52, 1/12 and 1/4, for the daily, weekly, monthly and quarterly frequencies, respectively, where is the simple arithmetic y mean and S the sample standard deviation.
The annualized means for the stocks and stock indices range between 4.6552% and 14.0506% and the means for the two currencies between !0.9355% and !2.0902%. Note that the mean and standard deviation of log-returns for each series are quite similar across the four data frequencies examined; a result which is due to the additive property of log-returns and the linearity of the mean estimator. The similarity of standard deviations across the four data frequencies suggests that data of any frequency may be used to estimate the mean and volatility of asset log-price changes. In most cases, the standard deviations of logreturns are larger than their means, indicating high volatility. This phenomenon is confirmed by the large discrepancies between the minimum and maximum values of log-returns.
The next four rows give the statistics and t-values for standardized skewness and standardized kurtosis in excess of three, which is the standardized kurtosis for the normal distribution, computed using the equations 
SE b
T  In general, the data series exhibit significant negative skewness across all four frequencies. The only exceptions are the daily and weekly log-returns for Boeing and the monthly log-returns for IBM. The excess kurtosis values are statistically significant in all cases implying that the log-return are leptokurtic relative to the normal distribution. The ninth row of table reports the Bera-Jarque statistics for testing the null hypothesis of normality, given by
The BJ is asymptotically χ 2 (2) with two degrees of freedom. Its critical values are 5.99 at the five-percent level and 9.21 at the one-percent level. The BJ statistics confirm the significance of skewness and/or leptokurtosis by rejecting the normality assumption in all series.
In summary, these preliminary results indicate that distributions of the log-return series are leptokurtosis and, in most cases, skewed. These findings are, however, based on the null hypothesis of normality and provide no information as to the parametric distribution of the data. Moreover, the statistics for skewness and kurtosis may be magnified by the presence of outliers.
III. Causes of Skewness and Kurtosis
The central limit theorem states that the distribution of the sum of i.i.d. random variables approaches the normal distribution as the number of variables summed-up increases. Provided that daily log-returns are i.i.d. random variables, the distributions of quarterly log-returns, each being the sum of about 63 non-overlapping daily log-returns, should be normal. However, this is not the case because of the fact that daily logreturns exhibit strong higher order moment dependencies such as, asymmetric volatility, conditional heteroskedasticity (volatility), or other dependencies. Note: Log-returns for the period t to t-1 are computed using y t = 100×ln(P t /P t-1 ), where P t is the price of the stock or the value of the currency or index at time t. The mean, variance, minimum and maximum return are based on annualized returns computed using y t /Δt, where Δt = 1/252, 1/52, 1/12, and 1/4 for the daily, weekly, monthly and quarterly frequencies. The statistics for skewness and excess kurtosis are computed using b 1 = m 3 / m 2 3/2 , b 2 = (m 4 /m 2 2 ) -3, where m i is the sample the i th centered moment. Parentheses include t-values statistics. The Bera-Jarque statistic for testing normality, BJ = (T/24) (4b 1 2 + b 2 2 ), is distributed as χ 2 (2) with 2 degrees of freedom.Its critical value at the five-percent level is 5.99 and a the onepercent level is 9.21. *,** statistically significant at the five-and one-percent level of significance.
Let Z n = z 1 + z 2 + þ + z n be the sum of n non-overlapping random variables, where z t = (y t !μ)/σ, and μ and σ are the mean and standard deviation of the log-return y t . As such, the third and fourth moments of z t , denoted by m 3 and m 4 , are the standardized skewness and kurtosis of y t . The expected value of Z n is zero, i.e., Ε(Z n ) = 0. Moreover, under the assumption of i.i.d. log-returns E(z t z s ) = 0, for t … s and var(Z n ) = n.
The third and fourth centered moments of Z n are Deviations of the above measures from their null values are evidence of the existence of higher order moment dependencies in the distribution of log-returns. Their substitutions into equations (6) and (7) give ( 
It follows easily from the above equations that as n64 the skewness measure SK approaches the value of zero and the kurtosis KU the value of three which the standardized skewness and kurtosis values for the normal distribution.
Equations (6) and (7) provide the foundation for constructing test statistics for higher-order moment dependencies in financial data,
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The variances of the statistics above are derived under the null hypothesis that the sequence z t includes i.i.d. random variables, which implies that all the statistics in (18) have a zero mean. Note that there is a large number of statistics generated by (6) and (7) Thus, the above test statistics are not exhaustive of all higher-order moment dependencies in the data. Table 3 presents the statistics given by (18a-f) along with their tvalues for all log-return series and frequencies. Statistically significant monthly and occasionally in quarterly log-returns of all seven series. These relationships weaken with aggregation. Many of the dependencies documented on table 3 are consistent with earlier results on the stochastic nature of log-returns of financial assets. This literature reports that volatility is significantly clustered (conditional heteroskedasticity), or that large log-returns are likely to be followed by large log-returns of lesser magnitude, but undetermined sign. The latter implies 2 2 2 2 ,for .
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The statistics based on z t 2 z s 2 for s = t!1, t!2 and t!3, test for conditional heteroskedasticity in the data, the presence of which is revealed in all daily and weekly log-returns. Similar relationships for stocks, stock indices, and exchange rates are documented by a number of authors including Akgiray (1989) and Baillie and Bollerslev (1989) . The EGARCH literature reports that stock market volatility is larger during market downturns than market upturns, e.g., Nelson (1991) , and Booth, Martikainen, and Tse (1997), Chiang et al. (2013) , Deleze and Houssain (2014), Ferguson et al (2015) , Gulati et al. (2013 Note: The random variable z = (y-μ)/σ is standardized, i.e., ita has mean ero and standard deviation one. The table presents the mean values of the constructs over the entire sampling period across the four data frequencies. The parameter μ and σ are replaced by the simple arithmetic mean and sample standard deviation. Parentheses include the t-values for the estimates. *,** implies statistically significant higher order moment dependencies at the five-and one-percent level of significance.
Statistics based on the product z t 2 z s , for s = t!1, t!2 and t!3, test for the presence of asymmetric volatility in the data. The statistics reported in table 3 reveal the presence of asymmetric volatility in almost all daily, weekly and monthly log-return series. The negative statistics imply that volatility is higher in a bearish market than in a bullish one.
The remaining statistics test for more complex higher-order moment dependencies (or non-linearities) that may cause skewness and kurtosis in lower frequency data. The results document such dependencies at the daily, weekly and monthly data frequencies. These higher order-moment dependencies are responsible for skewness and kurtosis in financial logreturn data; see equations (6) and (7).
IV. Geometric Brownian Motion
Various option pricing models, including that of Black-Scholes, are based on the assumption that prices of financial assets follow the geometric Brownian motion. As a result, the ratio of two consecutive prices does not depend on past prices and its log-value (log-returns) and is normally distributed. Therefore, the ratio of two consecutive prices is log-normally distributed. The mathematical relation between logreturns (ΔlnP t ) and geometric returns (ΔP t /P t ) is as follows:
.
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Along the same lines as with equation (22) (29)
where z is a standardized log-normal random variable. deviation of the process. Ross (1999) shows that the GBM could also be obtained as a limit of a simpler process. For example, consider the ratio of two consecutive prices P n /P 0 . The logarithm of the ratio
could be broken down into the sum of n higher frequency log-returns corresponding to period Δt and having mean μ a Δt and variance σ a 2 Δt. Under the assumption of i.i.d. log-returns, the log-return Y n has a mean E(Y n ) = μ a τ and a variance var(Y n ) = σ a 2 τ, where τ = n Δt is the time between prices P 0 and P n . For a large n, the central limit theorem states that Y n will be approximately normal, i.e., ,
with the approximation becoming exact as . n   The i.i.d. assumption for P t /P t-1 causes the P n /P 0 ratio to behave in the limit as a GBM. As shown in the previous section, financial data exhibit strong higher-order moment dependencies, such as asymmetric volatility and conditional heteroskedasticity, which prevent lower frequency log-returns from converging in probability to the normal distribution. These complex dependencies are responsible for the presence of skewness and kurtosis in the data. In this respect, the stochastic process governing price changes is complex and extremely difficult to approximate.
V. Skewed Generalized Error Distribution
Introduced by Subbotin (1923) , the GED includes as special cases the Laplace, normal, and uniform distributions, e.g., Johnson, Kotz, and Balakrishnan (1995) . The GED is used by Box and Tiao (1962) to model prior densities in Bayesian estimation, Nelson (1991) to model the distribution of stock market returns, and Hsieh (1989) to model the distribution of exchange rates.
The GED is nested in the generalized t distribution introduced by McDonald and Newey (1988) and its skewed extension introduced by Theodossiou (1998) ; see also McDonald and Nelson (1989) , Butler et al. (1990) and Theodossiou and Savva (2015) . Unlike the generalized t distribution, all the moments and the moment generating function of GED exist. Thus, the moments of exponential transformations of GED random variables, needed to price options, can be evaluated. In this section, the generalized error distribution (GED) is extented to accommodate skewness and leptokurtosis. Its ability to model the empirical distribution of log-returns of financial assets is also evaluated.
A. Skewed GED
The probability density function for the non-centered SGED is (see appendix A for the derivations)
where u = y !m, m is the mode of the random variable y, φ is a scaling constant related to the standard deviation of y, λ is a skewness parameter, k is a kurtosis parameter, sgn is the sign function taking the value of !1 for u < 0 and 1 for u > 0, and   
The resulting expected value and variance of y are
The Pearson's skewness, see Stuart and Ord (1994) Figure 2 shows the impact of skewness on the normal density function.
B. SGED Results
The SGED parameters are obtained by maximizing the log-likelihood function of log-returns y t , for t = 1, 2, ..., T, line and as such the overshooting problems associated with the constraints imposed on the parameters n and λ, i.e., n > 0 and |λ| < 1 is avoided. The non-centered rather than the centered is preferred because of its simplicity For practical purposes in estimation, the likelihood is specified using the simplified non-centered rather than the centered probability specification. The maximization of the sample log-likelihood function is accomplished using an iterative procedure based on the Berndt, Hall, Hall and Hausman (1974) algorithm. That is, during each iteration, the values for θ are updated using the equation
denote the first partial derivatives of the sample log-likelihood and the sum of their cross-products, respectively. These partial derivatives include psi (digamma) functions, computed using numerical techniques.
To avoid complications associated with discontinuities in the evaluation of the psi functions, the derivatives are computed numerically using L.
The maximum likelihood for the parameters φ and λ are obtained by substituting the computed MLE values of φ and g into equations (51) and (52). Further substitution of the computed values of m, n, λ and k into equations (37) and (38) yields the maximum likelihood estimates for the mean μ and standard deviation σ of y. Let these MLE estimators .
(56) , , ,k
Their sample variance-covariance matrix can be obtained from
or the inverse of the second-cross partial derivatives (Hessian matrix),
Both of the above equations are asymptotically equivalent, because of the known MLE result
Robust estimators for the variance-covariance matrix, which is more appropriate in case of mispecification, can be computed using the equation
Note that all of the above partial derivatives are computed numerically. Table 5 presents the estimates for the parameters of the SGED for Note: The SGED parameters are obtained by maximizing the sample log-likelihood function with respect to the parameters μ, σ, k, and λ, where C, θ, and δ are given by equations (11)- (13), sign is the sign of the residual (y t -μ + δ σ) , T is the sample size, ln is the natural logarithm. The statistics for the means and standard deviations are annualized using Δt = 1/252, 1/52, 1/12,1/6, and 1/4 for the daily, weekly, monthly, and quarterly log-returns. The estimate for δ (Pearson's skewness) is computed by substituting the estimates for λ and k into equation (13). LR is the log-likelihood ratio statistics for testing the null-hypothesis that the series follow the normal distribution against the alternative hypothesis of the SGED distribution. The LR statistic follows the χ 2 (2) with two degrees of freedom. *,** imply statistically significant the five-and one-percent level of significance, respectively. (34), (35) and (37), the sample log-likelihood function (LogL), and the log-likelihood ratio (LR) for testing the null hypothesis of normality against the alternative hypothesis of the SGED.
The estimated means and standard deviations of each series are similar across the four data frequencies and close to the respective estimates in table 2. The estimates of the kurtosis parameter k ranges between 0.8563 and 1.1246 for daily, 1.033 and 1.2996 for weekly, 1.1542 and 1.4376 for monthly and 1.1354 and 1.6835 for quarterly logreturns. Its respective means across the four frequencies are 0.9853, 1.1591, 1.3238 and 1.3777. These numbers indicate that, on average, daily log-returns follow the Laplace distribution. The other log-return data frequencies diverge from the Laplace distribution but do not become normal (k = 2). The kurtosis KU values range between 5.14 and 7.64 for daily, 4.34 and 5.76 for weekly, 3.93 and 5.32 for monthly and 3.58 and 5.61 for quarterly log-returns. Their respective means across the four frequencies are 6.26, 5.03, 4.43 and 4.39 . These numbers also indicate that, on average, daily log-returns have a kurtosis value of 6.26 close to that Laplace distribution (KU = 6). The kurtosis values of the remaining logreturn frequencies are smaller, but do not approach the kurtosis of the normal distribution (KU = 3).
The results for skewness (λ) indicate, in general, the presence of negative skewness in the data. Twenty out of the twenty-eight estimated values of λ are negative. In eleven of these cases the estimates are statistically significant. In eight cases the estimates of λ are positive but only in two of them are statistically significant. The results for skewness are consistent with those of table 2.
Because the normal distribution is nested under the SGED, a loglikelihood ratio statistic could be used to test the null hypothesis that log-returns are normally distributed against the alternative hypothesis FIGURE 5.-DJIA, Empirical Distributions of Log-Returns that they are SGED distributed. The null hypothesis for testing normality is H 0 : k = 2 and λ = 0 and the alternative hypothesis is H 1 : k 0 R + and |λ| < 1. The statistic is computed using the formula LR = -2×(LogL 0 -LogL), where LogL 0 is the maximum value of the loglikelihood function under the null hypothesis of normality and LogL is the maximum value of the log-likelihood function under the SGED specification. The LR statistic is asymptotically distributed as a chisquare with two degrees of freedom, χ 2 (2). With one exception (quarterly log-returns for IBM), the LR statistics reject the null hypothesis of normality. Note that for a small sample the statistical power of the LR statistic is weak and may accept the null hypothesis of normality when it should be rejected.
Figures 3 to 9 present the empirical distributions for the daily logreturns of the seven series. The figures for weekly, monthly and quarterly log-returns are qualitatively similar, therefore, are omitted. The estimated SGED distributions are represented by the solid curves and the estimated non-parametric distributions by the piecewise linear FIGURE 6.-S&P 100, Empirical Distributions of Log-Returns curves; see Tapia and Thompson (1978) , section 2.5 for the latter. For comparison purposes, the estimated normal distributions are also presented by the dotted curves. These graphs demonstrate that the SGED provides a very good fit to the empirical distribution of logreturns of all series. In some cases, the estimated SGED and the nonparametric probability curves are indistinguishable. Moreover, they deviate significantly from those of the normal distribution.
VI. Call Option Pricing
This section derives the SGED option pricing model and demonstrates its relationship to several well-known pricing models for European call options. These are the Black and Scholes' (1973) model, Merton's (1973) continuous dividend yield model, Biger and Hull's (1983) currency model, and Black's (1976) currency futures model. 
A. SGED Option Pricing Model
Consider a European call option with a strike price X written on an asset with a current (spot) price P 0 that pays no dividends and expires n periods from time t = 0. Let τ = n Δt be the option's time to expiration. The value of this option at expiration is equal to C n = max(P n -X, 0), where P n is the price of the underlying asset at expiration. Observe that
is the log-return to prevail over the life of the option as a function of the mean and the standard deviation of Y n and the standardized random variable z with probability mass function given by dF(z) = f(z)dz.
FIGURE 8.-GBP/USD, Empirical Distributions of Log-Returns
The expected value of the option at time n is
The presence of a positive pay-off at expiration (i.e., P n > X) implies that
The function E(C n ) can be expressed in terms of z e f z dz e h e N d
Moreover, the probability, 
Black and Scholes Model
In the absence of arbitrage opportunities, the expected annual return of a stock paying no dividend is equal to the risk-free rate. That is, . 
Merton's Model
In the case of a stock paying continuous dividend at an annual rate q, the expected stock return, including dividends, is equal to the risk free borrowing rate r. That is, 
Currency Option Pricing Model
In the absence of arbitrage opportunities, the expected growth rate of a currency is equal to the difference between the domestic r and foreign interest rates r f . That is, (70) gives Biger and Hull's (1983) currency option pricing model, , 
General Comments
Note that the four variation of the option pricing model presented above are based on the assumptions of normality of log-returns and absence of arbitrage opportunities or that the mean return for stocks and stock indices is equal to the risk free rate and for currencies equal to the spread between the domestic and foreign interest rates. Table 5 presents estimates for the mean returns of the seven series. The means of all stocks and stock indices are considerably higher from the U.S. t-bill rate, which has ranged between 3 and 6 percent during the past ten years. The mean returns, however, for the two currencies are close to the spread between the t-bill rate in the U.S. and those in the U.K. and Japan. These differences are indirectly compensated with the use of implied volatility measures which are typically larger than those obtained through estimation using historical data.
VII. Summary and Concluding Remarks
Analytical formulas and test statistics developed in this article established that the presence of skewness and kurtosis in financial data was the result of higher-order moment dependencies, such as conditional heteroskedasticity, asymmetric volatility, and other nonlinear dependencies, that existed mainly in daily and weekly log-returns. These dependencies prevented monthly, bimonthly, and quarterly logreturns to obey the normality law implied by the central limit theorem. As a consequence, prices of these assets violated the geometric Brownian motion often assumed in pricing options and other derivative assets.
The above findings necessitated the development of distributions that provided better approximations to the empirical distributions of logreturns. This article developed a skewed extension of the generalized error distribution (SGED) and assessed its ability to fit the empirical distribution of log-returns of several popular financial assets at various data frequencies. The results showed that the SGED provided a good fit to the empirical distribution of the data.
A model for pricing European call options based on the SGED was developed that accommodated skewness and kurtosis in the data and relaxed the assumptions of risk neutrality and no arbitrage opportunities. Nevertheless, under the standard assumptions in option pricing of normality of log-returns, risk neutrality, and absence of arbitrage opportunities, the SGED model produced as special cases several wellknown option pricing models, such as the Black and Scholes (1973) model, Merton's (1973) 
